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Recently the study of braneworld on the self-gravitating D-brane has been initiated and derived
the gravitational equation on the brane by holographic and geometrical projection methods. Sur-
prisingly, in common with these two methods, the matter on the brane cannot be the source of the
gravity on the brane at leading order. In this paper we will propose the low energy effective action
on the D-brane coupled with gravity which derives the same results.
I. INTRODUCTION
The purpose of the current paper is the construction
of the low energy effective action of a self-gravitating D-
brane. The action governs the world on the D-brane,
that is, D-braneworld. The effect of the self-gravity is
essential when one thinks of small black holes or very
early universe. See Refs. [1, 2, 3] for cosmology related
to D-branes.
Since the D-brane is discovered in superstring theory,
properly speaking, the bulk spacetimes follows super-
gravity which is the low energy effective theory of su-
perstring theory. The brane action is Born-Infeld action.
In this line, under Z2-symmetry, the gravitational equa-
tion on the D-brane was derived in Ref. [4]. Since the
D-brane carries the charge and then the gauge field is
localized on the brane, we expected the realization of
Einstein-Maxwell theory on the brane. The result is not
the case! At leading order the gauge field is not the source
of the gravity on the brane.
In this paper, we shall construct the action on the self-
gravitating D-brane with Z2-symmetry. Non-trivial issue
for the construction is that the gauge field equation ex-
ists while it does not contribute to the gravity on the
brane. The usual expression of
∫
d4x
√−hF 2 is not per-
mitted, where h is the trace of the induced metric of the
brane hµν . For simplicity, we will work with a toy model
[5] which is a mimic of the type IIB supergravity with
D-branes. In a toy model, we drop some scalar fields be-
cause we want to concentrate on the behavior of gauge
fields. We will use the bulk solutions satisfying the junc-
tion conditions on the brane to obtain the final expression
for the low energy effective action.
The rest of this paper is organized as follows. In Sec.
II, we describe our toy model and junction conditions
originated from the presence of D-branes. Then we will
give the bulk field solutions satisfying the junction con-
ditions under the long-wave approximation [4, 5, 6, 7, 8].
The derivation will be given in Appendix A. In Sec. III,
we first discuss the action for a form field from the peda-
gogical point of view and then construct the action for the
gravitational theory on the D-brane where gauge fields is
localized. In Appendix B, the detail will be described.
Finally we will give summary and discussion in Sec. IV.
In Appendix C, from the pedagogical point of view, we
discuss the low energy effective action for the Randall-
Sundrum braneworld model [9, 10] where the bulk stress
tensor is just composed of cosmological constant and the
brane action is assumed that the tension term plus arbi-
trary four dimensional matter Lagrangian.
II. MODEL
A. The action for toy model
The self-gravitating D-brane was originally considered
in type IIB supergravity compactified on S5 and it is
claimed that the gauge fields which is supposed to lo-
calise on the brane does not contribute to the source of
the gravity on the D-brane [4]. The purpose of the cur-
rent paper is the construction of the low energy effective
action for that.
For simplicity, we work with the toy model proposed
in Ref. [5]
S =
1
2κ2
∫
M
d5x
√−g
[
(5)R− 2Λ− 1
2
|H |2 − 1
2
(∇χ)2
−1
2
|F˜ |2 − 1
2
|G˜|2
]
+SBI + SCS
= Sbulk + SBI + SCS, (1)
where HMNK =
1
2∂[MBNK], FMNK =
1
2∂[MCNK],
GK1K2K3K4K5 =
1
4!∂[K1DK2K3K4K5], F˜ = F + χH and
G˜ = G+ C ∧H . M,N,K = 0, 1, 2, 3, 4. BMN and CMN
are 2-form fields, and DK1K2K3K4 is the 4-form field. SBI
is given by the Born-Infeld action
SBI = −γ
∫
∂M
d4x
√
−det(h+ F), (2)
where hµν is the induced metric on the D-brane and
Fµν = Bµν + γ−1/2Fµν , (3)
and Fµν is the U(1) gauge field on the brane. µ, ν =
0, 1, 2, 3. SCS is Chern-Simons action
SCS = −γ
∫
∂M
d4x
√
−hǫµνρσ
[
1
4
FµνCρσ + χ
8
FµνFρσ
2+
1
24
Dµνρσ
]
. (4)
For simplicity we set Hµνα = 0 and F˜µνα = 0 in the
above. Additionally,
2Λ +
5
6
κ4γ2 = 0, (5)
so that the brane geometry could be four dimensional
Minkowski spacetime if one likes.
The main differences between the original one [4] and
the current toy model are as follows. In the current
model, there are no scalar fields corresponding to dilaton
and radius of compactification on S5. Instead, we intro-
duced the bulk cosmological constant Λ. It is turned out
that the contribution from scalar fields are not so impor-
tant when one wants to discuss the coupling of the gauge
field on the brane to the gravity. In fact, we will be able
to see the same result, that is, the gauge field localised
on the brane does not couple to the gravity. The cancel-
lation between the contribution from the NS-NS and RR
fields is essential.
B. Junction conditions
In this subsection we write down the junction condi-
tions which will be used later. See appendix A for the
bulk field equations.
Since we are interested in the effective theory on the
brane, it is better for our purpose to adopt the bulk met-
ric
ds2 = dy2 + gµν(y, x)dx
µdxν , (6)
and perform (1+4)-decomposition. y is the coordinate
orthogonal to the brane.
The junction conditions at the brane located y = 0 are[
Kµν − hµνK
]
y=0
=
κ2
2
γ(hµν − Tµν) +O(T 2µν) (7)
Hyµν(0, x) = κ
2γFµν , (8)
F˜yµν(0, x) =
κ2
2
γǫµναβFαβ , (9)
G˜yµναβ(0, x) = κ
2γǫµναβ , (10)
and
∂yχ(0, x) =
κ2
8
γǫµναβFµνFαβ , (11)
where
Tµν = FµαF αν −
1
4
hµνFαβFαβ . (12)
The induced metric on the brane will be denoted by
hµν := gµν(0, x).
The boundary conditions are specialty for self-
gravitating brane which is not imposed for probe branes.
C. Solutions at low energy
We solve the bulk field equations with the junction
conditions under the long-wave approximation(gradient
expansion).
The metric gµν(y, x) and the extrinsic curvature are
expanded as
gµν(y, x) = a
2(y)
[
hµν(x)+
(1)
g µν (y, x) + · · ·
]
. (13)
and
Kµν =
(0)
Kµν +
(1)
Kµν +
(2)
Kµν + · · · . (14)
In the above
(1)
g µν (0, x) = 0 and a(0) = 1.
As seen in Appendix A, it is easy to obtain the leading
order solutions
gµν = a
2
(
hµν +
3
8
(1 − a−16)Tµν
)
, (15)
Kµν = −
1
ℓ
δµν −
1
2
κ2γa−16T µν , (16)
Hyµν = κ
2γa−6Fµν , (17)
F˜yµν =
1
2
κ2γa−6ǫµναβFαβ, (18)
and
G˜yα1α2α3α4 = κ
2γa4ǫα1α2α3α4 , (19)
where ǫα1α2α3α4 is the Levi-Civita tensor with respect to
the induced metric hµν on the brane. The warp factor is
given by
a(y) = e−
y
ℓ , (20)
where
1
ℓ
=
1
6
κ2γ. (21)
ℓ is the curvature scale of anti-de Sitter like spacetimes.
This represents the Randall-Sundrum tuning (See Ap-
pendix C). a(y) behaves well for the localization of grav-
ity on the brane, that is, we do not encounter a serious
problem of the localization in our previous work [4]. How-
ever, there is the bad behavior of the form fields. Such
kind of problems will disappear for cases with compact-
ified extra dimensions. The compactification radius is
supposed to be stabilised somehow. Since the compacti-
fication naturally introduces the cutoff for the form fields,
they do not diverge.
The contribution of χ field to the action will be higher
order, O(F4), we will omit it hereafter.
It is useful that the volume element
√−g is given by
√−g =
√
−ha4. (22)
3III. LOW ENERGY EFFECTIVE ACTION
Let us consider the low energy effective action on a self-
gravitating D-brane. For the gravitational field hµν(x),
the action has to be derived from the five dimensional ac-
tion by substituting the solutions to the bulk field equa-
tions and integrating out over the bulk coordinate(For
example, see Ref. [7] or Appendix C). To do so we must
take care of the treatment of gauge fields (form fields).
Generally, for gauge fields, it is known that substituting
an ansatz into the action and the varying of the action
does not yield the same result as substituting an ansatz
into the equation of motion if one does not take care of
something. This problem can be avoided by the addition
to the bulk action of total divergence terms [11, 12, 13].
For gauge fields, instead of the Maxwell part of the Born-
Infeld action and the Chern-Simons action, we introduce
these divergence terms.
We first give a simple example to see the essence and
then construct the action for the D-brane.
A. A simple example
Let us consider the action of the system which is com-
posed of only Hyµν with boundary condition on the
brane, Hyµν(0, x) = κ
2γFµν(x). The fixed background
spacetime is anti-deSitter spacetime. For the case with
no boundary, the action is
S0 = − 1
4κ2
∫
M
d5x
√−g|H |2. (23)
But, this is not what we want. Now we have the bound-
ary condition
Hyµν(0, x) = κ
2γFµν(x). (24)
After careful consideration, the action compatible to the
boundary condition is
S1 = − 1
4κ2
∫
M
d5x
√−g
[
|H2| − κ2γFµν∂yFµν
]
, (25)
where Fµν(y, x) = Bµν(y, x) + γ−1/2Fµν(x). If one takes
the variation for Bµν , we see
δBS1 = − 1
4κ2
∫
M
d5x
√−g(Hyµν∂yδBµν − κ2γδBµνHyµν − κ2γFµν∂yδBµν)
=
1
4κ2
∫
M
d5xδBµν∂y(
√−gHyµν) + 1
2κ2
∫
∂M
d4x
√
−hδBµν(Hyµν − κ2γFµν). (26)
Under the boundary condition of Eq. (24), the above reduces
δBS1 =
1
4κ2
∫
M
d5xδBµν∂y(
√−gHyµν) (27)
and then we obtain the bulk field equation for Hyµν .
B. Low energy effective action on D-brane
In similar way with the previous subsection, up to first order, the effective action consistent with the junction
conditions is given by
S =
1
2κ2
∫
M
d5x
√−g
[
(5)R− 2Λ− 1
2
|H |2 − 1
2
|F˜ |2 − 1
2
|G˜|2 + 1
2
κ2γFµν∂yFµν + 1
4
κ2γǫµναβFµν∂y
(
Cαβ + χFαβ
)
+
1
24
κ2γǫµναβ
(
∂yDµναβ + 6Cαβ∂yFµν
)
+NµDνH
yµν
]
− 2
κ2
∫
∂M
d4x
√
−hK − γ
∫
∂M
d4x
√
−h, (28)
where Nµ is the Lagrange multiplier and set to be zero on the brane. The field equation for the gauge field is just
constraint one as inferred from the bulk field equations in Appendix A. The last two terms are the Gibbons-Hawking
term and the Nambu-Goto part of the Born-Infeld action. The factor 2 in the Gibbons-Hawking term comes from the
Z2-symmetry of this spacetime. Up to first order, the above action is identical to
S = Sbulk +
1
2κ2
∫
M
d5x
√−gNµDνHyµν + SBI + SCS − 2
κ2
∫
∂M
d4x
√
−hK. (29)
4We should note that an arbitrary tensor dµναβ(x), which does not depend on y, can be added to Dµναβ in Eq. (28).
This contributes to the surface integral in Eq. (29). We should eliminate this ambiguity by adding an appropriate
boundary term for the form field (see Appendix B for the detail).
Using the equation
(5)R = (4)R−K2 −KµνKµν − 2∂yK, (30)
together with Eq. (A22) (See Appendix A), we obtain
(5)R− 2Λ = 1
a2
(4)R(h)− 10
ℓ2
(31)
Varying this action by each gauge field, indeed, we obtain the correct bulk field equations and junction conditions:
δDS =
1
48κ2
∫
M
d5xδDµναβ∂y(G˜
yµναβ√−g)− 1
24κ2
∫
∂M
d4x
√
−hδDµναβ(G˜yµναβ − κ2γǫµναβ), (32)
δBS =
1
4κ2
∫
M
d5xδBµν
[(
∂y
{
(Hyµν + χF˜ yµν)
√−g}+ κ2
2
γǫµναβFyαβ
√−g
)
+
1
2
√−g∂yCαβ(G˜yµναβ − κ2γǫµναβ)
]
− 1
2κ2
∫
∂M
d4x
√
−hδBµν
[
(Hyµν − κ2γFµν) + χ(F˜ yµν − κ
2
2
γǫµναβFαβ)
+
1
2
Cαβ(G˜
yµναβ − κ2γǫµναβ)
]
, (33)
δCS =
1
4κ2
∫
M
d5xδCµν
[{
∂y(F˜
yµν√−g)− κ
2
2
γǫ
µν
αβH
yαβ√−g
}
− 1
2
Hyαβ(G˜
yµναβ − κ2γǫµναβ)√−g
]
− 1
2κ2
∫
∂M
d4x
√
−hδCµν (F˜ yµν − κ
2
2
γǫµναβFαβ), (34)
respectively. We can confirm that for the variation in
terms of each gauge field the junction conditions on the
brane and the bulk field equations are satisfied. We can
also derive the gravitational field equation from Eq. (29)
directly.
Thus we can derive the effective action by substituting
the solutions of all fields into this action and integrating
out over the coordinate of extra dimensions y. Up to first
order we obtain
Seff =
ℓ
2κ2
∫
d4x
√
−h
[
(4)R(h) + N˜µDνFνµ
]
(35)
where N˜µ ∝ Nµ. Therefore we see that this action is
consistent with the Einstein equation on the brane with
using the junction conditions and the bulk field equa-
tions.
IV. SUMMARY AND DISCUSSION
In this paper we proposed the low energy effective ac-
tion for the gravitational theory on a toy self-gravitating
D-brane model with Z2-symmetry. At leading order the
gauge field does not couple with the gravity on the brane.
Yet, we can see that the field equations for the gauge
fields come from the constraints. The Lagrange multi-
plier is set to be zero on the brane.
There are many remaining issues. First of all, Z2-
symmetry is assumed here although there is no reason
to assume that in general for D-brane. It is easy to see
that the absence of that symmetry can alter the result
obtained here. Second, the case of the brane with the net
cosmological constant. This can be realized by breaking
the BPS condition In this case, the gauge field seems to
couple with the gravity on the brane [5] (see Appendix
B). It is unlikely that the action is normalisable due to
the bad behavior of the gauge field in the bulk. How-
ever, this problem seems to be relaxed if one thinks of
the compact extra dimensions. We hope these issues will
5be fixed in future study.
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APPENDIX A: BASIC EQUATIONS AND
SOLUTIONS FOR TOY MODEL
The “evolutional” equations to the y-direction are
∂yK = R− κ2
(
(5)T µµ −
4
3
(5)TMM
)
−K2, (A1)
∂yK˜
µ
ν = R˜
µ
ν − κ2
(
(5)T µν −
1
4
δµν
(5)Tαα
)
−KK˜µν ,(A2)
∂2yχ+D
2χ+K∂yχ− 1
2
HyαβF˜
yαβ = 0, (A3)
∂yX
yµν +KXyµν +
1
2
FyαβG˜
yαβµν = 0, (A4)
∂yF˜
yµν +KF˜ yµν − 1
2
HyαβG˜
yαβµν = 0, (A5)
∂yG˜yα1α2α3α4 = KG˜yα1α2α3α4 , (A6)
whereXyµν := Hyµν+χF˜ yµν and the energy-momentum
tensor is
κ2 (5)TMN =
1
2
[
∇Mχ∇Nχ− 1
2
gMN (∇χ)2
]
+
1
4
[
HMKLH
KL
N − gMN |H |2
]
+
1
4
[
F˜MKLF˜
KL
N − gMN |F˜ |2
]
+
1
96
G˜MK1K2K3K4G˜
K1K2K3K4
N
−ΛgMN . (A7)
Kµν is the extrinsic curvature, Kµν =
1
2∂ygµν . K˜
µ
ν and
R˜µν are the traceless parts of K
µ
ν and R
µ
ν , respectively.
The constraints are
− 1
2
[
R− 3
4
K2 + K˜µνK˜
ν
µ
]
= κ2 (5)Tyy, (A8)
DνK
ν
µ −DµK = κ2 (5)Tµy, (A9)
DαXyαµ = 0, (A10)
DαF˜yαµ = 0, (A11)
DαG˜yαµ1µ2µ3 = 0, (A12)
where Dµ is the covariant derivative with respect to gµν .
The first order equations for F˜yµν and Hyµν are
∂y
(1)
F˜ yµν − 1
2a4
(1)
Hyαβ G˜yρσµνh
αρhβσ = 0, (A13)
and
∂y
(1)
Hyµν +
1
2a4
(1)
F˜ yαβ G˜yρσµνh
αρhβσ = 0. (A14)
Together with the junction conditions and the solution
of G˜yµ1µ2µ3µ4 , these solutions are given by
(1)
Hyµν= κ
2γa−6Fµν , (A15)
and
(1)
F˜ yµν=
1
2
κ2γǫµναβa
−6Fαβ. (A16)
Using these results the ”evolutional” equation for the
traceless part of the extrinsic curvature is
∂y
(1)
K˜µν= −
(0)
K
(1)
K˜µν +a
−2(4)R˜µν(h)−
(κ2γ)2
a16
T µν , (A17)
where (4)Rµν(h) = h
µα(4)Rαν(h) is the Ricci tensor with
respect to hµν and T
µ
ν = h
µαTαν . The solution is
(1)
K˜µν (y, x) = −
ℓ
2a2
(4)R˜µν(h)−
κ2γ
2a16
T µν +
ζµν(x)
a4
,
(A18)
where ζµν is the ”constant of integration” and expresses
the holographic CFT stress tensor [14]. It is a homoge-
neous solution which satisfies ζµµ = 0 and Dµζ
µ
ν = 0.
(This corresponds to the dark radiation at this order.)
Since it is not affect the result below, we will omit ζµν
hereafter.
The trace part of the extrinsic curvature can be eval-
uated from the Hamiltonian constraint as
(1)
K (y, x) = − ℓ
6a2
(4)R(h). (A19)
6Finally, we obtain
(
Kµν − δµνK
)(1)
= − ℓ
2a2
(4)Gµν(h)−
κ2γ
2a16
T µν . (A20)
From the junction condition, it is easy to see that the
Einstein equation up to first order becomes
(4)Gµν(h) = 0. (A21)
The stress energy tensor of the gauge field does not ap-
pear as the source of four dimensional gravity in this
order. Yet, the field equation for the gauge field exists
which comes from the constraint equation for Bµy in five
dimensional sense(Eq. (A10)).
Using this solution, up to first order the extrinsic cur-
vature is expressed as follows:
Kµν = −
1
ℓ
δµν −
1
2
κ2γa−16T µν . (A22)
APPENDIX B: CANCELLATION OF U(1)
GAUGE FIELD AND BPS CONDITION
In order to see the cancellation of U(1) gauge field, we
will show a slightly different derivation of the effective
action. Integrating the solutions Eqs. (17), (18) and
(19), we get the solutions for Bµν , Cµν and Dµναβ
Bµν =
ℓ
6
κ2a−6γFµν + bµν(x), (B1)
Cµν =
ℓ
12
κ2γǫµναβa
−6Fαβ + cµν(x), (B2)
Dµναβ = − ℓ
4
κ2γa4ǫµναβ − ℓ
4
κ2γa−12ǫµνρσFρσFαβ
−ℓκ2γFµνcαβ + dµναβ(x), (B3)
where bµν , cµν and dµναβ are the constants of integration.
By definition, bµν is given by
bµν(x) = −γ−1/2Fµν(x). (B4)
Then the brane action(BI action and CS term) can be
evaluated as
SCS = γ
∫
d4x
√
−hǫµναβ
[
1
4
FµνCαβ + 1
24
Dµναβ
]
=
∫
d4x
√
−h
[
−3
2
γ +
γ
4
FµνFµν
− γ
24
∫
d4x
√
−hǫµναβdµναβ
]
, (B5)
and
SBI =
∫
d4x
√
−h
[
−γ − γ
4
FµνFµν
]
. (B6)
The bulk action plus GH term Sbulk = S+2SGH is given
by
Sbulk =
∫
d4x
√
−h
[
5
2
γ +
ℓ
2κ2
(4)R(h)
]
. (B7)
Then the total effective action becomes
Seff =
ℓ
2κ2
∫
d4x
√
−h(4)R(h). (B8)
Here we subtracted the final term in CS action from the
total action by adding a boundary term
γ
24
∫
d4x
√
−hǫµναβdµναβ . (B9)
This is the same boundary term that appears in the
derivation of Eq. (29) from Eq. (28).
We can clearly see that, for U(1) gauge field, the contri-
bution from BI term is canceled by the contribution from
CS term. This is the consequence of the BPS condition.
If the BPS condition is broken and the coefficients of the
BI action and CS action are different, the cancellation
does not occur and the U(1) gauge field appears in the
effective action and couples to the gravity.
APPENDIX C: LOW ENERGY EFFECTIVE
ACTION FOR RANDALL-SUNDRUM MODEL
In this section, we derive the low energy effective action
on the brane in Randall-Sundrum braneworld model. We
will use the bulk field solution obtained by the long-wave
approximation with the junction conditions [7].
It is easy to obtain the zeroth order solutions. Without
derivation we present them.
(0)
Kµν= −
1
ℓ
δµν , (C1)
(0)
g µν= a
2(y)hµν(x) = e
−
2
ℓ
yhµν(x), (C2)
where ℓ is the curvature radius of AdS5 spacetime. Here
the relations between the tension σ and ℓ
κ2σ =
6
ℓ
(C3)
have been assumed. It is known as Randall-Sundrum fine
tuning. This tuning means that the effective cosmological
constant on the brane set zero.
Thus, using the junction condition, up to first order,
the extrinsic curvature is
Kµν(y, x) = −
1
ℓ
δµν −
κ2
2a2
(
T µν −
1
3
δµνT
)
(h) (C4)
We calculate the metric at first order,
(1)
g µν , which will
be used in the computation of the volume element
√−g.
Together with the junction condition, the result is
(1)
gµν (y, x) =
κ2ℓ
2
(1− a−2)
(
T µν −
1
3
δµνT
)
(h). (C5)
7Let us consider an effective action for hµν(x). The
effective action should be derived using the solution for
the equation of motion with the junction condition. We
shall start with the following action:
S =
1
2κ2
∫
M
d5x
√−g
(
(5)R+
12
ℓ2
)
− 2
κ2
∫
∂M
d4x
√
−hK − σ
∫
∂M
d4x
√
−h+
∫
∂M
d4x
√
−hLmatter, (C6)
where we have taken into account the boundary term,
the so-called Gibbons-Hawking term, instead of intro-
ducing delta-function singularities in the curvature. The
factor 2 in the Gibbons-Hawking term comes from the
Z2-symmetry of this spacetime. That is why we can get
the effective action on the brane by simple substitution
of the solution for hµν with using the junction condition.
Further, we can use the equation
(5)R = (4)R−K2 −KµνKµν − 2∂yK
= (4)R(h)a−2 − 20
ℓ2
+
κ2
ℓa2
T. (C7)
Therefore, up to first order, we obtain
S =
1
2κ2
∫
M
d5x
√
−ha4
[
1− ℓ
2
12
(1− a−2)κ2ℓ−1T
][
(4)Ra−2 − 8
ℓ2
+
κ2
ℓ
1
a2
T
]
+
∫
∂M
d4x
√
−h
[
− 6
ℓκ2
+ Lmatter
]
− 2
κ2
∫
∂M
d4x
√
−h
[
−4
ℓ
+
κ2
6
T
]
=
1
κ2
∫
∂M
d4x
√
−h
[
ℓ
2
(4)R+ κ2Lmatter
]
(C8)
Therefore, up to first order, we find that this effective
action is consistent with the Einstein equation on the
brane with using the junction condition.
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